
Rethinking the Approximation Error in 3D Surface 

Fitting for Point Cloud Normal Estimation

Hang Du, Xuejun Yan, Jingjing Wang, Di Xie, and Shiliang Pu

Hikvision Research Institute, Hangzhou, China

THU-AM-120



Quick preview

To bridge the gap between estimated and precise surface normals, two basic deign principles are proposed. 

 applies a z-alignment transformation for a better surface fitting.

 models the error of normal estimation as a learnable term to compensate the rough estimated normal. 



Problem formulation

Given a point cloud patch 𝓟 = 𝐩𝒊 ∈ ℝ𝟑 ∣ 𝒑𝒊
𝒙, 𝒑𝒊

𝒚
, 𝒑𝒊

𝒛
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, predict a normal vector 𝒏𝒙 at a query point 𝐩𝒙. 

1) Direction: the local region of the query point.

2) Orientation: globally consistent, outside or inside of the surface.
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Problem formulation
Revisiting 𝑛-jet surface fitting theory: 

An order 𝑛 Taylor expansion of the height function over a surface is defined as 

𝑓 𝑥, 𝑦 = 𝐽𝛽,𝑛 𝑥, 𝑦 + O ∥ 𝑥, 𝑦 ∥𝑛+1 .
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𝑖=1

𝑁𝑝 𝐽𝛼,𝑛 𝑥𝑖 , 𝑦𝑖 − 𝑓 𝑥𝑖 , 𝑦𝑖
2

.

The 𝑛-jet surface model aims to find an approximation result on the coefficients of the height function, 

Then, the normal vector can be calculated by



Analysis

Assuming the convergence rate of approximation is given by O(ℎ) = ∥ 𝑥, 𝑦 ∥, the coefficients 𝛽𝑘−𝑗,𝑗 of 𝐽𝛽,𝑛 𝑥, 𝑦 are 

estimated by those of 𝐽𝛼,𝑛 𝑥, 𝑦 up to accuracy O ℎ𝑛−𝑘+1 :

𝛼𝑘−𝑗,𝑗 = 𝛽𝑘−𝑗,𝑗 + 𝐎 𝒉𝒏−𝒌+𝟏

A smaller error 𝐎 𝒉𝒏−𝒌+𝟏 enables to yield a more precise estimation. 



Analysis
1) A better 𝑧-alignment leads to a more accurate fitting: the error estimates are better when the convex hull K of the 

sample points {(𝑥𝑖, 𝑦𝑖)}𝑖=1,…,𝑁 is not too “flat”.

O ℎ𝑛−𝑘+1 ≤ sup ∥ ൯𝐷𝑘𝑓(𝑥, 𝑦 − 𝐷𝑘𝐽𝛼,𝑛 𝑥, 𝑦 ∥; 𝑥, 𝑦 ∈ 𝐾

O ℎ𝑛−𝑘+1 depends on the supremum of  ∥ )𝐷𝑛+1𝑓(𝑥, 𝑦 ∥; (𝑥, 𝑦) ∈ 𝐾

𝑑𝑚𝑎𝑥 = diameter (K) , 𝑑𝑚𝑖𝑛 = sup {diameter of disks inscribed in K} 

A small ratio 𝑑𝑚𝑎𝑥/𝑑𝑚𝑖𝑛 means that the geometry of K is not too “flat”

Relation between z-direction angle 

and estimation error



Analysis
2) The presence of error term in normal estimation: a polynomial fitting of degree n estimates any kth-order differential 

quantity to accuracy O ℎ𝑛−𝑘+1 . 

Taking a curve for instance: 

𝐹 𝛼𝑖=0,…,𝑘 = 𝐹 𝛽𝑖=0,…,𝑘 + O ℎ𝑛−𝑘+1

= 𝐹 𝛽𝑖=0,…,𝑘 + 𝐷𝐹
𝛽𝑖+O ℎ𝑛−𝑘+1

𝑖=0,…,𝑘

O ℎ𝑛−𝑘+1 .

For normal estimation, i.e., 𝑘 = 1, the error term 𝐷𝐹 O ℎ𝑛 denotes the angle between the true normal and the 

estimated normal. 



The proposed approach
Overview architecture.  



The proposed approach
1) 𝑍-direction Transformation: explicitly learns a 𝑧-alignment transformation 𝐓 that rotates input patches for a better 

surface fitting. 

ො𝐳 = (0,0,1)⊤

ℒtrans = ෝ𝐧𝑖𝐓 × ො𝐳

The distribution of z-direction angle:
Training supervision:

GCN-based spatial transformation network:



The proposed approach

2) Normal Error Estimation: models the error of normal estimation𝐷𝐹 O ℎ𝑛 as a learnable term which 

compensates the rough estimated surface normal.

𝐷𝐹 O ℎ𝑛 = Δ ෝ𝐧𝑖
𝑐 = 𝜙 Concat 𝑥𝑖 , ෝ𝐧𝑖

𝑐 ,

ෝ𝐧𝑖
𝑟 = ෝ𝐧𝑖

𝑐 + Δ ෝ𝐧𝑖
𝑐 .

The normal error estimation network.



Experimental results
Normal angle RMSE of our methods and baseline models on PCPNet dataset. 

Comparison of percentage of good points PGP5 and PGP10 on PCPNet dataset. 



Experimental results
Qualitative results on PCPNet dataset. 



Experimental results
Normal angle RMSE SceneNN real-world dataset. 
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Ablation study
Normal angle RMSE of SOTA models with or without our methods on PCPNet dataset.



Summary
The main contributions of this study: 

1) analysis of the approximation error in n-jet surface fitting.

2) two basic design principles to improve the precision of point cloud normal estimation.

3) flexible integration with the current polynomial surface fitting methods.

4) extensive experiments to show the improvements by the our method.



Summary

Models and code are publicly available:

https://github.com/hikvision-research/3DVision

Thanks for your watching!

https://github.com/hikvision-research/3DVision

