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Bayesian Inverse Problems

Bayesian inverse problems are concerned with noisy measurements:

𝐲 = 𝒜 𝐱 + 𝝐
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𝐱 𝐲

𝐲 ∼ 𝑝 𝐲 𝐱
= 𝒩 𝒜 𝐱 , 𝜎2𝐈

ො𝐱 ∼ 𝑝 𝐱 𝐲

Solutions can be provided via posterior sampling.

𝒜: Forward Model
𝜖: Noise ∼ 𝒩 𝟎, 𝜎2𝐈



Diffusion Posterior Sampling

Existing methods guide diffusion step using conditional information:

Other issues:
• Targets point estimate (MAP) solution 𝐱⋆ rather than sampling posterior.

• Each sample requires simulation of full Langevin dynamics.
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𝑝𝑇 𝑝0

d𝐱𝑡 = 𝐟𝑡 𝐱𝑡 − 𝑔𝑡
2∇𝐱𝑡

log 𝑝𝑡 𝐱𝑡|𝐲  d𝑡 + 𝑔𝑡d ഥ𝐰𝑡

= ∇𝐱𝑡
log 𝑝𝑡 𝐱𝑡 + ∇𝐱𝑡

log 𝑝𝑡 𝐲|𝐱𝑡Score model
Intractable, must be 

approximated

“Diffusion Posterior Sampling for General Noisy Inverse Problems,” Chung et al., ICLR 2023.



Sampling from Generative Models

Generally, samplers of generative models define a pushforward:

𝑝0 ≈ ෤𝑝0 = Φ#𝑝1,

e.g., 𝑝1 is typically a simple Gaussian 𝒩 𝟎, 𝜂2𝐈 .

Hence, 𝐱1~𝑝1can be denoted noise space samples corresponding to 
data space samples 𝐱0 = Φ 𝐱1 ∼ ෤𝑝0.
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Model Posterior

We aim to sample from the true posterior of 𝐱0 given 𝐲:

𝑝0,𝐲 𝐱0 ≔ 𝑝 𝐱0 𝐲 ∝ 𝑝 𝐲 𝐱0 𝑝0 𝐱0 .

Given 𝐱0 = Φ 𝐱1 , this corresponds to the model posterior:

𝑝0,𝐲 𝐱0 ≈ ෤𝑝0,𝐲 𝐱0 ∝ 𝑝 𝐲 𝐱0 Φ#𝑝1 𝐱0 .

Finally, we arrive at the noise space posterior:

෤𝑝1,𝐲 𝐱1 ∝ 𝑝 𝐲 Φ 𝐱1 𝑝1 𝐱1 .
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Method
Sample 𝐱1 ∼ ෤𝑝1,𝐲 and map 

to data space 𝐱0 = Φ 𝐱1 .



Langevin Dynamics

Langevin dynamics are defined by the following general SDE:

d𝐱 = ∇𝐱 log 𝑝∞ 𝐱 d𝑡 + 2d𝐰𝑡 ,

where 𝐱 ∼ 𝑝∞ after long enough simulation.

To sample the noise-space posterior, we require its score:

∇𝐱1
log ෤𝑝1,𝐲 𝐱1 = ∇𝐱1

log 𝑝 𝐲|Φ 𝐱1 + ∇𝐱1
log 𝑝1(𝐱1)
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= −𝐱1

for 𝑝1 = 𝒩 𝟎, 𝐈
= −

1

2𝜎2 ∇𝐱1
𝐲 − 𝒜 Φ 𝐱1 2

2

for 𝑝 𝐲 𝐱0 = 𝒩 𝒜 𝐱0 , 𝜎2𝐈



Langevin Dynamics for Posterior Sampling

Hence, the following SDE simulates ෤𝑝1,𝐲:

d𝐱1 = − 𝐱1 +
1

2𝜎2
∇𝐱1

𝐲 − 𝒜 Φ 𝐱1 2

2
d𝑡 + 2d𝐰𝑡 .
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The dynamics can be simulated 
using Euler-Maruyama (EM):

𝐱1
𝑖+1 = 1 − 𝜏 𝐱1

𝑖 − 𝜏𝐠𝑖 + 2𝜏𝝃𝑖 .

𝐠𝑖 ≔
1

2𝜎2
∇𝐱1

𝑖 𝐲 − 𝒜 Φ 𝐱1
𝑖

2

2
𝛏𝑖 ∼ 𝒩 𝟎, 𝐈

෤𝑝0,𝐲 = Φ# ෤𝑝1,𝐲



Noise Space Sampling Algorithm

Each step requires the gradient of Φ.
• Few-step samplers like consistency 

models can alleviate this burden.

Convergence may require many steps.
• Conduct optimization warm start 

(Adam to minimize 𝐲 − 𝒜 𝐱 2
2).

Produce 𝑁 posterior samples via 
Langevin dynamics.

• Balance stability with sampling speed 
via step size 𝜏.
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Posterior Sampling in Noise Space
Inputs: 𝐲, 𝒜, 𝜎, Φ, 𝑁, 𝜏, WarmStart ⋅
 𝐳1 ← WarmStart ⋅

 𝐱1
0

← 𝐳1

 for 𝑖 = 0, … , 𝑁 − 1 do

  𝐱0
𝑖

← Φ 𝐱1
𝑖

  𝐠 𝑖 ← 2𝜎2 −1∇
𝐱𝟏

𝑖 𝐲 − 𝒜 𝐱0
𝑖

  𝝃 𝑖 ← 𝒩 𝟎, 𝐈

  𝐱1
𝑖+1

← 𝐱1
𝑖

− 𝜏 𝐱1
𝑖

+ 𝐠 𝑖 + 2𝜏𝝃 𝑖

 end for
return 𝐱0

1, 𝐱0
2, … , 𝐱0

𝑁



Image Inverse Problem Experiments

We consider noisy inverse problems in image data:
• Linear problems: super-resolution, inpainting, Gaussian blur

• Nonlinear problems: nonlinear blur, Fourier phase retrieval, high dynamic 
range (HDR) reconstruction

Fidelity: one goal can be to obtain highly accurate reconstructions of 
the ground truth.

Diversity: another goal is to explore and represent uncertain features 
within the posterior.
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Using CMs from 
Song et al., 

which are U-nets
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Uncertainty Quantification

Our method also demonstrates superior diversity within the posterior, 
highlighting uncertain semantic features.

Green boxes are persistent features, while red boxes are highly 
variable.
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Red:
High Uncertainty

Green:
Low Uncertainty
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Conclusions

Sampling in the noise space enables efficient accumulation of 
posterior samples, leveraging the generative mapping Φ.

Few-step generative models, such as consistency models, can enable 
scalable generation.

Our approach enables uncertainty quantification via the generation of 
diverse samples, surpassing diffusion-based methods.
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