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MOTIVATION

Applications of Hyperbolic Spaces
Vision-Language Models Brain-Computer Interfaces
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BUSEMANN AND HOROSPHERE

Ve € Hx, B7(z)= lim (d(z,v(t)) —t).

t—o0

Euclidean Hyperbolic
S Straight line Geodesic
Generalization Parallel lines Asymptotic geodesic rays
Inner product (v, z) Busemann function —B"(x)
Hyperplane Horosphere

H? ={z € H} | B'(z) = 7}

Ve €R", B'(z)=—(z,0), vES" L ={veR"||v] =1}

2 Poincaré Lorentz
1 ||v - \/—KxH ‘
P : B'(z)= ——1o : :
K ( ) /—K g( ]__|_K||x||2 o @3
1 4‘
% B (z) = TR log (\/ —K (z; — <.’ES,U>)> . ol e

Figure 1. 11 ion: red curves are di horospt of BY.

Table 1. Generalization: Euclidean vs. hyperbolic.

Parallel hyperplanes with v € S®~!  Horospheres with v € S"~! N T, H%




BUSEMANN MULTINOMIAL LOGISTIC REGRESSION

Euclidean MLR BMLR

exp({ag, z) + b)

Vi, p(y=k|z)= —¢& , exp(ux(z))

—_.exp({aj,z)+ b; Vka p(y=k|$)= C >
23_1 p({(aj, ) + b;) Zj:l exp(uj(:v))
uk(z) = ar (vk, z) + bi. L uk(z) = —ap B (z) + b,
VE = “3’2”6 S o = |lag| > O with o, > 0, v, € S*~ 1, and by, € R as parameters.
ag,r)+b _ v
d (@, Hoy) = K500 A(@, Hyap) = 2200,
Ho b, = {z € R” :{ag,z) + bx = 0} Hyop={z€HY | —aB’(x)+b=0},

uk(x) - Signk agd (:E, H'Ukaak,bk)

uk(z) = sign ((ak, ) + bi) [lak|| d (z, Hay ) »
sign, = sign(—axB"*(x) + bg)



BUSEMANN FULLY CONNECTED LAYER

Euclidean FC Hyperbolic interpretation
y=Ax+becR™ Interpretation d(y, He, 0) = {ag, ) + bg, V1 < k < m,
Y = <ak,$> a5 bk; a(yaHek,O) - Sign(<ekay>)d(y7H6k,0)

. w
Poincaré Y~

1 2
Lorentz y = {yt] _ { \/7 + [lys |

\/iT sinh (vV—Ku(z))
l Generalization

d(y,Hepe) = ¢ (ur(z)), V1 < k < m.

2
=% T llvsl

@L b e L%,
\/1—K sinh (vV—Ku(z))

Lgkdx—y= [



COMPARISON

. . Compact Batch
Method Logit uy(z), Vk € {1,...,C} Space  Dist #Params S FLOPs efficiency
Euclidean MLR (ak,z) + by, with ap, € R", b € R R™ Real C(n+1) v C(2n) v
K I~
Poincaré MLR )‘p" llac sinh ™! 2V-K {~pi Ou 12’%) : pn Real c@ X o9 29 x
(23, Eq. (25)] v-K (1+ K e @1 2l) lla &k &wl Cin) Ghu 2

with px € P, ar € Ty, P

: aysinh™! (a=p),
Poincaré MLR s
MLR 51, Eq. (6)] a = AV/=K (z,u) cosh (2v=Kby), Py Real C(n+2) C(dn +52) v
oL 8= (A —1)sinh (2V—Kby),
with ), > 0,v; € S, b, € R

BY (—pi, ®m )
Pse"d[‘ZSB ey T;lMLR ~d(=p ”m Py Pseudo  C(2n) x C(19n + 34) X
» Lo <. with py, € PP, vy € S™!
Real distance - Compact parameters - Batch-efficient .
\/751gn (a)B |sinh™ ( vV~ ﬂ
IE;"%‘: fgﬁ{ a = cosh (V=Kby) (21, z,) — sinh (vV-K bk) L% Real C(n+1) v C(4n +52) v
B= \/Hcosh( V—Kby zk|| — (sinh(v/—Kbx) ||zx])2,
with z;, € R", by € R
—ay BU*(z) + by, Py P : C(6n + 12)
BMER with a > 0,0 € S" 1, b, € R L% Sea C(n+2) 4 L% : C(2n+12) 4
Method F:Hgdz—yeHy Space  Methodology Parameters #Params FLOPs
Mébius 1 | W || 1 " mxn 2nm + 2n
23, Eq. 27] \/Tt,anh( El tanh (\/ Hz”) HW i Py Tangent WeR mn fom 4+ 24
w sinh (v—=Ku(z))
Poincaré FC y= y Wk = , Poincaré ar >0, v, € S
V—K n ) ,
[51,Eq. (7)] 1+ \/1 - K [lw]? Pk geometry by €R,fork=1,...,m m(n+2) dnm - Tlm + 4

with u(z) in Tab. 2

FC . [ W, v)|* ~ 1/K ]

Lorentz FC Y(Wz,v) Ambient

mx(n+1)
WeR ; m(n+1)+m 2nm + 8m

N Wo(z)+b L% . . veR" beR™,
[11,Eq. (3)] W(Wa,0) = Ao (v + ) ngz; i Minkowski Y eR As 0 +n+1)+2 +2n+ 10
with ¢ and o as the activation and sigmoid
Busemann-based - Comparable complexity v w o - Sinb (V=Eu(z))
2 V—K ’
— L+4/1-K ol n ak >0, v €S, 6nm + 29m + 4

Busemann m(n +2)
1 1 2 1Lk b €R,fork=1,...,m 2nm + 30m + 2
nh (vV—K =4/— K > vy
L sinh (VERu(@), = S+ Il

with ug(z) = ¢(—ar B (z) + bx)

v =




EXPERIMENTS

CIFAR-10 CIFAR-100 Tiny-ImageNet ImageNet-1k
(Num. classes: 10) (Num. classes: 100) (Num. classes: 200) (Num. classes: 1000)

Space ' Method
| | Acc Fit Time #Params | Acc Fit Time #Params | Acc FitTime #Params | Acc  Fit Time #Params

R™ | MLR | 95.14 £0.12 10.66 513K | 77.72£0.15 10.60 51.30K ‘ 65.19+0.12  69.17 102.60K | 71.87 2263.12 513K
PMLR 95.04 £0.13 11.94 5.14K | 77.19£0.50 12.11 51.40K | 64.93+£038  71.90 102.80K | 71.77  2300.11 514K
Py PBMLR-P | 9523 £0.08  21.92 10.24K | 77.78 £0.15  76.84 102.40K | 6543+£0.27 336.58 204.80K | 71.46 3907.12 1024K

BMLR-P | 9532+0.14 1201 5.14K | 78.10+0.35 12.13 51.40K  66.16 +0.19  71.98 102.80K | 73.36 2300.77 514K
LMLR |9498+0.12 1155 5.13K ‘78.03¢0.21 11.72 51.30K | 65.63+0.10  69.27 102.60K ’72.46 2277.17 513K

Image classification

L% BMLR-L | 95.25 +0.02 11.08 5.14K | 78.07 £ 0.26 11.22 51.40K 65.99+0.14 69.19 102.80K | 73.24 2276.53 514K

| Num. | Py \ L%
Benchmark Task Daaset | lases | PMLR ~ PBMLR-P  BMLR | LMLR  BMLRL
LTR Copia 2 [ 7534102 7437+148 76.73+1.08 | 73.01+1.07 75.86+ 1.52
Retrotransposons LINEs 2 | 8554+061 8592+065 86.05+1.08 | 83.14+0.80 86.72+0.58
SINEs 2 | 95304085 9534+158 95.99+0.74 | 96.70 +0.87 96.29 +0.59
TEB CMC-EnSpm | 2 | 8339+056 83.62+1.00 84.03+0.71 | 81.78+1.05 84.15 + 1.00
DNA transposons hAT-Ac 2 | 8938+090 89.86+0.54 89.62+0.74 | 88.94+0.69 90.70 +0.51
processed 2 | 7245+149 7199+204 73.09+1.66 | 73.71£1.76 73.32 + 1.65
Pseudogenes unprocessed | 2 | 75.37£227 71.99+147 75.71+£1.89 | 7454+ 198 76.15 + 1.61
tata 2 [ 8095+£147 7932+244 8029+163 | 80.90+1.15 8176+ 1.16
Core Promoter Detection notata 2 | 7002£052 70.60+£075 7048+035 | 71.26+0.56 70.43 +0.39
o . all 2 | 6764077 68.02+0.63 68.50%0.61 | 67.63+0.56 68.36+1.07
enome sequence learning
tata 2 [ 8030+1.59 8027+271 82.83+169 | 83.27+1.95 82.55+1.54
Promater Difection notata 2 | 9263036 93.05£032 9275+0.51 | 91.74+0.57 92.60 +0.49
GUE all 2 | 9053+050 90.79+0.77 90.200.65 | 89.34+0.40 89.82 + 0.45
Covid Variant Classification ~ Covid | 9 | 74.09£025 7084080 7340030 | 64.07+051 7245021
. - Virus 20 | 6724+2.10 59.17£332 7712£123 | 7134205 77.21% 104
Species Classification Fungi 25 | 1506+132 1875+1.77 30.01+0.76 | 15.07 + 1.88 30.14 +2.48




EXPERIMENTS

Disease Airport PubMed Cora
Space Method 6=0 d=1 d=235 6 =11
HGCN 86.87+£2.58 8534+1.16 76.29+098 76.56+0.81
HGCN-PMLR 8898+ 196 84.78+1.48 76.02+1.09 7747+1.15
Pk HGCN-PBMLR-P | 89.05+0.78 85.04+097 7589+0.78 77.90+1.00
o HGCN-BMLR-P | 9245 +0.96 86.02+0.53 77.36+0.73 78.48 +1.52
Node classification
HGCN 87.83+0.77 8494+140 7649+088 77.37+x1.72
L7 HGCN-LMLR 89.72+1.51 8261101 7544+1.17 6991 +3.61
HGCN-BMLR-L | 90.80 £1.15 85.27+1.17 77.30+041 77.65%2.10

Table 7. Comparison of hyperbolic FC layers on link prediction. Best results within each hyperbolic model are in bold.

Disease Airport PubMed Cora

Space Method Methodology 5=0 §=1 5=235 §=11
Graph for FC Mobius Tangent 76.35+1.83 9331+041 9493+0.06 90.80+0.56
Py Poincaré FC  Poincaré geometry | 79.45+1.01 9431+0.16 94.24+0.25 88.21+0.72
Link prediction BFC-P Busemann 80.45+0.93 94.88+0.39 94.85+0.07 91.94+0.32
LTFC Tangent 71.32+£536 92.68+0.35 94.85+0.17 89.37+0.64
L2 Lorentz FC ~ Ambient Minkowski | 72.78 £2.04 92.99+0.33 9420+0.10 92.06 +0.62
BFC-L Busemann 78.36 £ 0.51 95.37+0.17 94.90+0.04 92.28 +0.12
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